We derive general relativity (GR) from a five dimensional Chern-Simons theory defined on a manifold with a boundary. The underlying mechanism is not a Kaluza-Klein reduction, rather, GR appears as an effective theory at the (four dimensional) boundary.
It has been suggested many times that general relativity (GR) may not be a fundamental theory but only an effective theory arising from a still unknown well-defined quantum field theory. In this paper we explore in this direction. We show that Einstein equations in four dimensions arise in a natural way from a five dimensional Chern-Simons theory.
It is a well known fact that reducing the fields in a given action before varying it, does not necessarily give the same equations of motion if one first vary and then make the reduction.
Normally, one would say that the correct equations of motion are those following from the variation of the full action, that is before imposing any condition on the fields. There are cases, however, in which one does not know which is the correct -or physically relevantaction; it may happen that imposing conditions on the fields before varying the action may give rise to an interesting theory.
We consider in this paper a five dimensional Chern-Simons theory for the group ISO (3, 2) or ISO(4, 1), depending on the sign of the cosmological constant. The action is defined on a five dimensional manifold M which has a boundary denoted by ∂M. We shall impose certain conditions on the five dimensional action and study the resulting theories. We prove that, under certain conditions, Chern-Simons theory in five dimensions induces an effective theory at the four dimensional boundary which turns out to be Einstein's general relativity.
It seems, therefore, that the ISO (3, 2) [or ISO(4, 1)] Chern-Simons theory considered here provides its most relevant application to physics when its symmetries are broken at the level of the action.
Let us start by recalling some basic facts about general relativity written in the (first order) tetrad formalism. The basic elements are the 1-form Lorentz, or spin, connection w ab , and the 1-form Lorentz vector, or tetrad, e a . The equations of motion, with a cosmological constant Λ = ǫ/l 2 , in this formalism are
where S a is the energy-momentum tensor in the tetrad formalism; R ab = dw ab + w a c ∧w cb is the 2-form Lorentz curvature, T a = De a is the torsion 2-form, and D is the covariant derivative in the spin connection w ab . Our signature conventions are η ab = diag(−1, 1, 1, 1).
The parameter ǫ = ±1 determines the sign of the cosmological constant. We shall see below that ǫ is related to the fifth component of a Minkowskian metric in five dimensions.
We have assumed here that the right hand side of (2) is zero. This assumption excludes, for example, the important example of supergravity. We comment below the reasons for this simplification and how to eliminate it. A complete treatment when fermionic matter is present will be discussed elsewhere.
If the tetrad e a µ is an invertible matrix, then Eq. (2) implies that the torsion tensor T a is equal to zero. As a consequence, the spin connection is a function of the tetrad, and Eq.
(1) reproduces the usual Einstein equations (with a cosmological constant) written in the second order tetrad formalism. To pass to the metric formulation one defines the tetrad as the change of basis matrix between the coordinate basis and the orthogonal basis. Thus, 
Eq. (3) may look unfamiliar but it is nothing but the well known equation e a µ;ν = 0, where the semicolon denotes the full covariant derivative.
Eqs. (1) and (2) can be derived from the action functional
where e a and w ab are varied independently; L m is the matter Lagrangian and φ denotes collectively all matter fields. From (1) and (2) one can derive the conservation equations
where S a = −∂L m /∂e a . These equations reflect the invariances of the matter action, namely general change of coordinates and Lorentz rotations, respectively. In a metric language, (5) represent the conservation and symmetry properties of the energy momentum tensor T µν ;µ = 0 and T µν − T νµ = 0, respectively.
Let us now review the main aspects of the five dimensional Chern-Simons theory for the groups ISO(3, 2) and ISO(4, 1). The action is given by Varying (6) with respect to all the fields we obtain the five dimensional equations of
where T A = ∇e A is the five dimensional torsion 2-form.
Having introduced the main aspects of (tetrad) general relativity (GR) and the ISO (3, 2) [ISO( The simplest possibility, keeping SO(3, 1) invariance, is to impose that the fifth component of the five dimensional vielbein is equal to zero,
and the vector W a5 is proportional to the tetrad e a ,
Since the veilbein e A has dimensions of length and W AB is dimensionless, the proportionality constant l has dimensions of length 1 .
The curvatureR AB and torsion T A can also be split in components:
. Under the restrictions (9) and (10) we obtain the useful formulas,
where D is the Lorentz covariant derivative,
is the Lorentz 2-form curvature.
Thus, on the subclass of configurations where (9) and (10) hold, the theory has the same field content as general relativity. Now we investigate its dynamical content. The most direct attempt would be to replace (9) and (10) into the equations of motion (7) and (8) and study the resulting equations. This does not give general relativity. Indeed, Eqs. (7) and (8) are five dimensional equations, and even if some sort of dimensional reduction -or compactification -is implemented, it is easy to see that Eq. (7) is not consistent with the Einstein equations. We shall come back to this point later.
A second -perhaps less obvious -possibility is to replace (9) and (10) directly in the action (6) . This means, in particular, that we are changing the theory. As we recall above,
1 Note that Eq. (9) imply that e A M is not invertible and then it cannot be interpreted as a change of basis between the orthogonal and coordinate basis. This does not generate any contradiction.
The usual condition det e A M = 0 has nothing to do with the dynamical content of the action, and, actually, it is not even gauge invariant. (For a discussion on the invertibility of the triad in three dimensional Chern-Simons gravity see [5] .) For theories for which e A M is invertible, the action (6) has a sensible interpretation as a gravitational theory in five dimensions. Here, we only need (6) to provide a gravitational theory in four dimensions hence, condition (9) does not make any harm in the context of this paper.
varying the action after imposing restrictions on the fields does not necessarily give the same equations of motion of the original theory. We proceed therefore knowing that the resulting theory will not be equivalent to the Chern-Simons theory. Replacing (9) and (10) into the action (6) and using (11) and (12) one obtains the reduced action [6] 
where ǫ abcd is the four dimensional Levi-Cevita density. Since T a = De a , we easily see that the Lagrangian in (13) is actually a total derivative. Indeed, recalling the Bianchi identity
and
Therefore, I red is reduced to the action at the boundary
which is the Einstein-Hilbert action with a cosmological constant, in four dimensions. Hence, we see that imposing (9) and (10) in the action, all the 'bulk' degrees of freedom are killed and one is left only with an effective theory at the boundary, and that theory, is Einstein's general relativity. Note that (16) has a non-zero cosmological constant whose sign is determined by the signature of the Chern-Simons group [Λ < 0 for ISO(3, 2) and Λ > 0 for ISO(4, 1)].
We shall see below that the cosmological constant can be neutralized if one starts with a Chern-Simons theory for the group SO(4, 2) instead of ISO (3, 2) [ISO(4, 1)].
Let us now address the problem of whether or not general relativity can be derived from the full Chern-Simons theory, that is, imposing conditions (9) and (10) (7),
where we have used (10) . This is an equation defined on a five dimensional manifold.
Whatever the dimensional reduction or compactification mechanism we use to define a four dimensional theory, Eq. (17) implies (in the four dimensional manifold) the equation, the energy momentum tensor T µν , it imposes an extra condition over the four geometries [7] . Here we are interested in ordinary general relativity, hence we discard (18) and modify the Chern-Simons action so that it is not present. Eq. (18) comes from the variation of the Chern-Simons action with respect to e 5 , therefore, one possibility would be to impose (9) in the action. For reasons that will be clear below we shall impose (9) in a weaker way. We consider the Chern-Simons action (6) plus the term
where v A and λ M are Lagrange multipliers which are both varied in the action principle, and the matrix e The only equation which is modified by the presence of (19) in the action is Eq. (7) which now reads,
where the 4-form * λ is the Hodge-dual of λ M defined by * λ M N P QR = ǫ M N P QR λ R . Hence, as expected, we see that Eq. (18) is replaced by an equation with a non-zero term in the right hand side, and thus, consistent with GR.
The variation of the action with respect to the Lagrange multipliers give the equations,
The broken Chern-Simons theory is then defined by four equations. They are Eqs. (8) and ( The broken Chern-Simons theory has a non-trivial integrability condition for the equations of motion. Acting with the covariant derivative ∇ (we remind the Bianchi identity ∇∧R AB = 0) on the equations of motion (8) and (20) we find the consistency conditions,
Eq. (23) follows from applying ∇ to (8), using (20), and some simple combinatorial identities.
Of course, (23) is trivially satisfied as a consequence of (22), therefore, it does not provide any new information. Eq. (24), on the other hand, follows directly from the Bianchi identity when applying ∇ to Eq. (20); any solution of the equations of motion must satisfy (24). In particular one could take λ M = v A = 0 which solves both (21) and (22) and the consistency condition (24). We shall be interested, however, in more general situations.
The addition of the potential (19) to (6) does not reduce (6) to an action at the boundary and hence, the link with general relativity seems to be lost. It is remarkable that the broken Chern-Simons theory still contains GR but by means of a different mechanism. We shall see that if we impose (10) as a boundary condition then, the five dimensional variational principle is well-defined provided the fields at the four dimensional boundary satisfy the Einstein equations.
Indeed, when computing the variation of (6) with respect to W AB , one picks up a boundary term. Thus, Eqs. (7) and (8) define an extremum for the action (6) only if that boundary term is equal to zero, that is,
[Note that the potential (19) does not contribute to the boundary terms because it has no derivatives.] If the topology of the manifold is of the form Σ × ℜ, where Σ has a boundary (denoted by ∂Σ), then (25) splits in two terms. First, one has the initial and final boundaries where δW = 0. Second, there is a boundary term at ∂Σ which should be canceled by following the methods introduced in [8] .
However, if the topology of the five dimensional manifold is not Σ×ℜ, the above boundary
conditions cannot be applied in a natural way. In that case, instead of imposing an algebraic condition over the fields, we shall impose the differential equation,
at the boundary. In other words, we extremize the action (6) with respect to all the fields, even the ones at the boundary. The key property of the action (6) that makes (26) an interesting set of boundary conditions is the fact that (6) 
and choosing E = 5 one obtains
where we have used (9)-(12). Hence, as stated above, Einstein equations arise as boundary conditions that makes the five dimensional problem well-defined.
In order to fully justify the splitting of Eq. (26) in its components (27) and (28) we need to specify the vector v A from which the splitting is defined, or, in other words, we need to define what we mean by the fifth direction. This is done in a natural way due to the presence of the potential (19) in the action and the fact that the manifold has a boundary. 
This metric satisfies the Einstein equations in the metric formulation when (27) and (28) hold. The invertibility of g µν together with (21) and (22) amounts to say that there exists a basis on which the vielbein has the block form,
where e a µ is an invertible 4 × 4 matrix. The null eigenvectors λ M and v A in this basis are,
It is worth to mention here that the above basis is constructed only from the knowledge of the normal vector to the boundary n M . (For an explicit construction see [9] .) The expression (30) for the vielbein illustrates the relation between the addition of the potential (19) to the action and condition (9) . Since the action only depends on the product λ M v A we are free to multiply v A by an arbitrary function provide λ M is multiplied by its inverse. We can use that freedom to normalize v 5 = 1 in (31). Thus, the only degree of freedom arising from the Lagrange multipliers is the scalar function λ 5 , and this function is fixed by the equations of motion. Indeed, projecting Eq. (20) along the normal n M we find,
This equation shows, first, that λ 5 is fixed in terms of the geometrical variables, and second, that the right hand side of (18) is now different from zero, therefore, there is no conflict between GR and the broken Chern-Simons action.
It is then natural to define the five dimensional Chern-Simons phase space as the space of all solutions of the Chern-Simons equations of motion that satisfy the above boundary conditions. The five dimensional action principle is then well-defined and we can use it to define the quantum theory. In this context, Einstein equations are just boundary conditions that makes the five dimensional problem well-defined.
Matter can be introduced in a natural way in the above formalism. Consider the action,
where L m is a function defined at the boundary. In principle, L m may depend on the tetrad and the spin connection. Since, at the boundary, e a = lW a5 , we have denoted w ab and e a by the single field W AB .
We vary the action (33) with respect to all the fields. All the previous equations remain the same because we have only add a boundary term to the action. The only equation which is modified is the boundary equation (26) which now reads,
where the energy momentum tensor is defined by
Also, we must add the matter equations of motion that follow from the variation of L m with respect to φ. Note that these variations do not produce any further boundary terms because ∂M has no boundary (the boundary of the boundary is zero).
Projecting Eq. (34) along the above basis and using (9)- (12), one obtains the EinsteinCartan equations with matter,
Comparing Eq. (8) with (34) we find the conservation equation
which implies,
where S a = −∂L m /∂e a and S ab = −∂L m /∂w ab . The conservation equation (38) implies that the matter Lagrangian must be invariant under the transformation,
where ρ AB is an arbitrary parameter.
For spinless matter, that is, if L m does not depend on w ab , we have S ab = 0 and equations (39) and (40) reduce to (5) . Therefore, the conservation equation (38) (42) is not fulfilled. To include fermions it is necessary to modify the bulk term in the action. We cannot start with the pure bosonic theory in five dimensions.
Rather, we must add fermions in the five dimensional problem such that the right hand side of (42) is different from zero, and the conservation equation (38) is modified. A good starting point seems to be the five dimensional supersymmetric Chern-Simons actions found in [2, 4] .
We shall report on the solution of this problem elsewhere [9] . From the point of view of the five dimensional theory, the action (43) with ǫ = 1 has a sensible interpretation as a gravitational action, and, in the case κ = −1 black holes solutions exist [3] . Also, it can be proved that the above action does possess local degrees of freedom [10] .
We now introduce the conditions (9) and (10) 
where the 'effective' cosmological constant Λ is given by
We recall that the parameter l appearing in (44) is independent from L. It goes without saying that the dimensional reduction just described can also be done in the framework of boundary conditions over the five dimensional problem. 
